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Two natural numbers M and N are amicable if S(M) = S(N)=M+N, where S(M) is the sum of all the divisors of M. The amicable numbers are said to be of type (i,1) if M=E*p1*p2…*pi and N=E*v, where E is the greatest common factor (GCF) of M and N, and v and each pj (j=1,2,…i) are distinct primes not dividing E. Examples of (i,1) amicable pairs are known for i=2, 3, 4, 5, and 6 but no examples have been discovered for i>6.

We consider amicable pairs of type (3,1) and GCF= a power of 2. These pairs oare of the form 2^n*p*q*r, 2^n*s), where n is a natural number and p, q, and s are distinct odd primes. From the above definition it can be seen that M and N are amicable if and only if s= (p+1) * (q+1) * (r+1) – 1 and 2^ (n+1) – 1 * (r+1) = 2^n * (p*q*r +(p+1) * (q+1) * ( r+1) –1). This last equation simplifies to


(#) (2^n-1) * (p+1) * (q+1) * (r+1) = 2 ^n*p*q*r – 2^n.

If L is an integer between o and n, and p = 2^n+2^L –1 is prime, tis becomes after cancellation fothe common factor 2^L, 

(2^ n - 1) * (2^( n – L ) * ( q + 1 ) * ( r + 1 ) = [2^ (2* n – L ) + 2^ ( n – L )] * q * r –2^( n – L ). We then have 

THEOREM 1: 

If p = 2^n + 2^ L-1 is prime for an integer L between o and n, then (2^n*p*q*r, 2^s ) is an amicalbe pair provided q, r and s = (p+1) * (q+1) * (r+1) -1 are prime numbers such that 2^ (n-L) { [ 2^n+2^(2*n-L) - 2^(n-L) -1] * [2^L+2^L+2^n-1] + 1 = 

{q-[2^n+2^(2*n-L)-2^(n-L)-1]}*{r-[2^n+2^(2*n-L)-2^9n-L) - 1]}.

Theorem 1 yields known amicable pairs for the following values of (n, L );


(4,1) (3 solutions)


(4,2), (8,1), (8,7), (10,4), (12,4) (2 solutions)


(16,6), (16,9) (2 solutions)


(18, 12), (19,6), (40,4), (40,25).

It also yields new amicable pairs for (60,38) and for (298,24). These two amicable pairs are given by:
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