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Two natural numbers M and N are amicable if each is equal to the sum of the proper divisors of the other, or, equivalently, if S(M) = 

S (N) = M + N, where S(M) is the sum of all the divisors of M.

The smallest amicable pair is (220, 284), i.e., (2^2*5*11, 2^2*71). This is of the form (E*p*q, E*r), where E is the greatest common factor of the two numbers and p, q, and r are distinct primes not dividing E.  Euler called such pairs amicable numbers of the first form.

There are only five known amicable pairs of Euler’s first form for which the greatest common factor is a power of 2. We list below these five pairs and, in each case, include the discoverer and the year of discovery. 

1.
2^2*5*11
2^2*71
Pythagoras
500 B.C.

2.
2^4*23*47
2^4*1151
Al-Banna
1300

3.
2^7*191*383
2^7*73727
Yazdi
1600

4.
2^8*257*33023
2^8*8520191
Legendre
1830

5.
2^40*1100048498687*2252899325313023
2^40*2478298520505800166853312511
te Riele
1972

Amicable pairs of Euler’s first form which have their greatest common divisor equal to a prime times a power of 2 are of the form (2^n*p*q*r, 2^n*p*s), where p, q, r, and s are distinct odd primes. We list below the values of n, p, q, and r corresponding to each known pair. We also give the discoverer and the year of discovery. In each case, s is a prime number = (q + 1)*(r + 1) – 1, which we do not include, to save space.

1. Euler (1747)


n = 
2, 
p = 23, q = 5,  r = 137

2. Poulet (1929)


n = 7,  p = 467,  q = 281,  r = 2107103

3. Poulet (1929)


n = 7,  p = 263,  q = 4271,  r = 280883

4. Lee (1966)


n = 8,  p = 1039,  q = 503,  r = 1047311

5. Lee (1969)


n = 10,  p = 2111,  q = 37997,  r = 303983

6. Borho (1979)


n = 11,  p = 4507,  q = 23039,  r = 811259

7. Borho (1979)


n = 11,  p = 4099,  q = 2102783,  r = 1077413951

8. Borho & Battiato (1988)


n = 11,  p = 4111,  q = 526223,  r = 17306454911

9. Garcia (1998)


n = 14,  p = 1710439,  q = 16703,  r = 914277537791

10. Garcia (1995)


n = 15,  p = 66047,  q = 4359101,  r = 139491263

11. Garcia (1995)


n = 17,  p = 273067,  q = 3276803,  r = 26843578367

12. Garcia (1998)


n = 19,  p = 2105407,  q = 1044479,  r = 4398111006719

13. Garcia (1998)


n = 24,  p = 457282559,  q = 18105779,  r = 33912657555828817919

14. Garcia (1998)


n = 28,  p = 540016639,  q = 51841597343,  r = 414732778751

15. Garcia (1998)


n = 33,  p = 21051388999,  q = 46707769343,  r = 1966526843472222093311

16. Garcia (1997)


n = 35,  p = 68719910911,  q = 5438343343653791,  r = 48984551598236427022149158436863

17. Garcia (1997)


n =35,  p = 68719476911,  q = 13415813905953277439,  r = 3866845098341528657389345834386063359

18. Garcia (1998)


n =37,  p = 275240849407,  q = 104231306526719,  r =3419961135770773379

19. Garcia (1998)


n = 40,  p = 2202115556479,  q = 782993543135231,  r = 220703009530970279171938320383

20. Garcia (1998)


n = 42,  p = 38153060483071,  q = 5715812941823,  r = 436151513758662110119723007

21. Garcia (1998)


n = 46,  p = 143601245708287,  q = 3528594806538239,  r = 1013421219637366467694700789759

22. Yan & Jackson (1993)


n = 47,  p = 9288811670405087,  q = 145135534866431,  r = 313887523966328699903

23. Garcia (1998)


n = 53,  p = 18104531321952767,  q = 1809233189365874687,  r = 1906610498297434538578943

24. Garcia (1998)


n = 55,  p = 491301779093133119,  q = 42221246506598399,  r = 77275088147154173008281599

25. Garcia (1998)


n = 58,  p = 576461123430121471,  q = 447700495129201027842047,


r = 8065060324450026566718173057813676294143

26. Garcia (1998)


n = 62,  p = 12668625751793205247,  q = 16957742182792473599,


r = 1678369447728083204801655443528351399

27. Garcia (1998)


n = 66,  p = 192933831383034429439,  q = 313845724932288282623,


r = 451143519389423073413725434150911

28. Garcia (1998)


n = 83,  p = 19342813113834184957231103,  q = 1583185091475987460809916076463105245183,


r = 8220366976949993620023547319959637375512298949890164635407833141830746111

29. Garcia (1998)


n = 108,  p = 109009198181597510448762680526363057717247,


q =324518555590599315010879236341759


r = 70751015079962818916733077459059828711887553255209167018164779977476669439

30. Garcia (1998)


n = 111,  p = 44144674074029613767952102574287764736903741439,  q = 2596148429267719173260785685102591,


r = 223840090347319115488499354869093810468354305377289300373024467377189315149823

31. Garcia (1998)


n = 174,  p = 1814088964906251735537324865984000666300834699499062912374468232368619519,


q = 23945242826029513412481307398537355456202261202468863


r = 26887315367533474423644590904418616725263408892549952515668572435569569060703848_



260239691619734202886793118190826169157944211698206034868136243827310591

32. Garcia (1998)


n = 180,  p = 3064991081928184639635372242957830869591201363414005951,


q = 23926746545540126553898221435100610537194899953885378155842109439


r = 49001976928406262545818884458931029903991124225202263382435124880559

We used a theorem of Borho and Hoffmann [1, Theorem 1.4, p.282] to obtain the most recent (1998) pairs. A computer program based on this theorem has produced the 19 newest pairs and the 13 perviously known pairs as well. The author wishes to thank Mr. Harvey Dubner for his valuable assistance in the preparation of this program, which involves factoring and primality testing of large integers.

Finally we point out that it is often possible [3] to construct other amicable pairs from amicable pairs of Euler’s first form. This is indeed the case for many of the amicable pairs listed in this paper.

REFERENCES


1.
W. BORHO and H. 
HOFFMANN, Breeding Amicable Numbers in Abundance, Math. Comp. 46, (1986), 



281-293.


2.
H. J. J. TE RIELE, Four Large Amicable Pairs, Math. Comp. 28, (1974), 309-312.


3.
H. J. J. TE RIELE, On Generating New Amicable Pairs from given Amicable pairs, Math. Comp. 42, (1984), 219-223.


4.
S. Y. YAN and T. H JACKSON, A New Large Amicable Pair, Computers Math. Applic. 27, (1994), 1-3.

