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In the Mathematical Sciences Calendar for 1988 published by Rome Press [1], there is an article by Martin Gardner entitled, “Primes in Arithmetic Progression.” Among other things he discusses sets of three primes in arithmetic progression starting with 3. The smallest of these sets is (3, 5, 7) followed by (3, 7, 11), (3, 23, 43), etc. He cites the triplet 3, 5003261, 10006519 as an example of one with a large second term but says he doesn’t know the current record. I don’t know the current record either, but armed with my special number theory computer [2], I set out to find large enough prime triplets to claim this record.

Numbers in arithmetic progression starting with 3 have the following form:
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The fourth number must be divisible by 3, thus there can only be three primes in arithmetic progression starting with 3. Next the triplet can always be expressed as:
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This form is important because if the factors of 
[image: image3.wmf]a

 are known, then using theorems from [3], the second and third terms can easily be proven prime, even if they are very large. I arbitrarily chose the following form for a:
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I included 3 as a factor since this gives a higher probability of finding primes thus reducing the overall testing time.

Table 1. Large Prime Triplets in Arithmetic Progression

First Prime
Second Prime
Third Prime
Size of 

Last Prime

3
130586 * 10400 + 1
261162 * 10400 - 1
406 Digits

3
79095 * 10600 + 1
158190 * 10600  - 1
606 Digits

3
415587 * 10800 + 1
831174 * 10800 – 1
806 Digits

3
235398 * 101000 + 1
470796 * 101000  - 1
1006 Digits

3
87114 * 101100 + 1
174228 * 101100 – 1
1106 Digits

Table 1 tabulates the largest triplets I have discovered. The density of prime triplets varies inversely as the square of the number of digits in the large term. The time to test a triplet varies approximately as the cube of the number of digits; thus the time to find a triplet varies approximately as the fifth power of the number of digits in the triplet. The last entry in Table 1 took almost two days to find (and is the record, I hope). Considering the above, I decided to quit testing at this time and put the computer to other uses described next.

Martin Gardner also states that like twin primes (primes that differ by 2 such as 11, 13, and 17, 19, etc.), it is not known if there is an infinity of prime triplets starting with 3. I made some statistical tests to try to shed some light on this question. I tested numbers again of the same form as before, but started with large values of 
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so that all the triplets are about the same size for each selected value of 
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 Based on the Prime Number Theorem, the chance of a large number being prime is inversely proportional to the log of the number. Finding two such primes should be inversely proportional to the square of the log of the numbers. 

Table 2 shows the frequency of prime triplets as a function of the size of the second prime. The last two columns show the frequency normalized for their size, with the results for size 
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Being set at 100.

Table 2. Frequency of Prime Triplets Starting with 3

Number

Size
Number of 

Tests
Number of

Triplets
Standard

Deviation
Normalized

Frequency
Normalized

Standard

Deviation

1016
1,391,386
13,159
114.8
100.0
.87

1032
727,787
1,747
41.8
101.5
2.40

1064
1,883,585
1,143
33.8
102.7
2.96

10128
2,492,137
382
19.5
103.7
5.12

10256
1,707,329
63
7.94
99.9
12.6

The results indicate that over a wide range of sizes, the frequency of prime triplets starting with 3 remains well within what is statistically expected, which is consistent with there being an infinite number of them. We can state with statistical certainty that between 10256 and 1.1 * 10256, there are at least 10250 prime triplets. While not infinite, this is quite a large number since by most estimates there are less than 1090 particles in the known universe. On the other hand, all I can say with certainty (subject to computer error) is that there are at least 63 prime triplets starting with 3 whose second and third terms exceed 10256. 

From statistical considerations, the frequency of twin primes should be the same as the frequency of prime triplets. I tested the same numbers for twin primes. The results are shown in Table 3. They indeed match the results for prime triplets.

Table 3. Frequency of Twin Primes Normalized to Frequency of Prime Triplets

Number

Size
Number of 

Tests
Number of

Twins
Standard

Deviation
Normalized

Frequency
Normalized

Standard

Deviation

1016
431,742
4,246
65.2
103.9
1.54

1032
482,893
1,190
34.5
104.1
2.90

1064
960,575
569
23.9
100.1
4.20

10128
863,295
126
11.2
98.7
8.89

10256
1,645,210
61
7.81
100.3
12.8
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