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I first became aware of Wilson
 primes while reading The Book of Prime Number Records by Paulo Ribenboim [1]. I quote, in its entirety, Chapter 5, Section IV:

IV. Wilson Primes


This is a very short section – almost nothing is known.


Wilson’s theorem states that if p is a prime, then 
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Thus the so-called Wilson quotient
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is an integer.


P is called a Wilson prime when 
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For example, p = 5, 13 are Wilson primes.


It is not known whether there are infinitely many Wilson primes. In this respect, Vandiver wrote:

This question seems to be such a character that if I should come to life any time after my death and some mathematician were to tell me it had been definitely settled, I think I would immediately drop dead again. 

Record


There is only one other known Wilson prime, besides 5, 13. It is 563, which was discovered by Goldberg in 1953 (one of the first successful computer searches, involving very large numbers).


The search for Wilson primes was continued by Pearson (in 1963, up to 200, 183) by Koss (in 1965, up to 1,017,000) and by Keller (communicated by letter, 

up to 3 * 106). 

Using my special purpose number theory computer [2], I searched from 3,000,000 to 4,000,000 and did not find a Wilson prime. This took about 350 hours.

Next, based on probabilistic arguments, I estimated the expected value of the number of Wilson primes up to N. First, I checked the distribution of
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for N between 10,000 and 15,000. The remainder appeared to be distributed reasonably linearly lending to the conclusion that the probability of a prime being a Wilson prime is 1/N. Since the probability of N being prime is 1/logN, the expected number of Wilson primes between A and B is
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Thus the chance of my finding a Wilson prime between 3,000,000 and 4,000,000 was about 1.9 percent. The following table shows the expected number of Wilson primes less than N. 

N
Expected Number

of Wilson Primes

106
2.626

108
2.913

1010
3.137

1012
3.319

5 * 1023
4.0

3 * 1064
5.0

It seems reasonable to conjecture that there is an infinite number of Wilson primes, but it may be a long, long time before we find another one.
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� John Wilson (1741-1793), an English mathematician, discovered his theorem about 1760. However, Leibniz (1646-1716) had already known this in 1682, but did not publish his finding.


� When we note that 563 is a Wilson prime, we are working with a number with over 1300 digits (562!). Looking for Wilson primes in the neighborhood of 1,000,000 means working with numbers with more than 5,565,000 digits. At 3,000,000 we are now in the heady domain of some 18,128,500 digits!
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