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THE SIZE OF PRIME-FACTORIALS
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One of the most pleasant things that can happen to an amateur number theorist is to discover a new theorem about an old subject. One of the biggest let-downs is then finding out that the theorem is not new, or worse, that is “well-known.” That sequence of events is exactly what happened to me while searching for large primes of the form prime-factorial plus one. However, after reviewing how “well-known” this theorem was, and not finding it in my modest collection of number theory books, I decided that it might be worth publishing the theorem in JRM so that it will truly be “well-known” in the world of mathematical recreations.

The prime-factorial function, 
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is defined as the product of all primes that are less than or equal to 
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is prime.

The function 
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was used by Euclid to prove that the number of primes is infinite. When searching for titanic primes (primes with more than 1,000 digits) this is an obvious function to test because you would expect the density of primes to be higher than the average since these numbers cannot have any small factors. The question immediately arises: just how big is a prime-factorial? The answer to this question is my big “discovery.”

The size of the prime factorial is:
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or, put another way:

The number of digits of 
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Even more generally, the product of the primes between 
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 is approximately 
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 and the number of digits is approximately 
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The Derivation

Consider an interval 
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is small with respect to 
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 Based on the very well-known Prime Number Theorem, the average number of primes in this interval is 
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 is small with respect to 
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, all these primes will be about the same magnitude and about equal to 
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 the midpoint of the interval. Thus, the size of the product of these primes is about:
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Thus
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Notice that 
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 has disappeared, making it reasonable to assume that the condition that 
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 be small may not be important, which is indeed the case. Table 1 is a tabulation of 
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 from 1,000 to 20,000.

Some Statistics

I computed the number of digits in the product of primes for each of the twenty intervals of 100 between 10,000 and 12,000. The average number was 43.1 digits. The standard deviation was 5.2 digits. The range was 33 to 54.

For the sixteen intervals of 1,000 from 10,000 to 26,000 the average was 432.5, the standard deviation was 15.4, and the range was 402 to 455.

In both cases, the distribution of the size of the prime products is considerably tighter than what one would expect if primes were distributed “randomly,” that is, with a Poisson distribution. In fact, the standard deviation is about 40 percent of the S.D. of a Poisson distribution.

The Computer

The work was done on my special fast computer in my home [1]. It takes about five seconds to compute prime-factorial 10,000 and eleven seconds for prime-factorial 20,000. Just for completeness, the following values of 
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2, 3, 5, 7, 11, 31, 379, 1019, 2657, 3229, 4547, and 4787.

There are no others for 
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Table 1. The Size of Prime Factorials
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Number of Digits
Digits per 1,000

1,000
416
416.0

2,000
843
421.5

3,000
1,274
424.7

4,000
1,699
424.8

5,000
2,134
426.8

6,000
2,560
426.7

7,000
3,006
429.4

8,000
3,421
427.6

9,000
3,853
428.1

10,000
4,298
429.8

11,000
4,724
429.5

12,000
5,143
428.6

13,000
5,589
429.9

14,000
6,023
430.2

15,000
6,448
429.9

16,000
6,900
431.3

17,000
7,313
430.2

18,000
7,755
430.8

19,000
8,516
429.3

20,000
8,602
430.1

Theoretical Digits per 1,000: 434.3
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