On the Euclidean Division of a Prime Number by Row

A. Vavoda asked a series of questions on the set of the remainders of the euclidian division of a prime number by its row ; among those questions, a question about its finitude. It was M. Balazard who demonstrated that this set is infinite. Elsewhere M. Vavoda asked if it's possible to find three (or more) consecutive prime numbers having the same remainder for this division. This quenstion wass resolved by M. Balazard in the affirmative by giving the following solution:

1181 = 6 · 194 + 17, 1187 = 6 · 195 + 17, 1193 = 6 · 196 + 17. This solution as we'll show by the following is the smallest solution of the problem of A. Vavoda.

Our goal is to make this answer a little more precise by explicitly writing the group of solutions of the posed problem. This is done in the following form:

with m being consecutive prime numbers Pn, Pn+1,Pn+2….Pn+m-1 of the form Pk = akk + r, where r is the remainder of the euclidean division of the prime number by its row. 

Lemma 1.
All the ak are equal.

The proof is based on the inequality of Rosser and Schoenfeld:

n(ln (n) + ln (ln (n) ) - 3/2 ) < pn < n (ln (n) + ln (ln (n) ) - 1.2 ) 

which is true for n > 22.  For the first values, the explicit calculation isn't difficult.

Let us note then a this number. This is an even number because there have to be at least three prime numbers.

Lemma 2: a is congruent to 0 module 6.

Proof:  It is trivial that a  is even. For n > 2, the product Pn+1Pn+2 does not have to be congruent to 0 module 3, therefore a is a multiple of 3.

Lemma 3. For a  congruent to 2,4,6,8 module 10, the problem does not have  a solution for a number greater or equal to five consecutive prime numbers.

Proof:  For n > 3, an odd prime number, in base 10, can only have for digits of the units (elements) 1,3,5,7, or 9. For a congruent to 2,4,6, or 8 module 10, whatever the first number of the units of p is, there will be a 5 among the digits of the elements.of the numbers 

Pn+1, Pn+2 Pn+3, Pn+4.

Thus for three or four consecutive prime numbers a is congruent to 0 module 6. And for five (and more) consecutive prime numbers, a is congruent to 0 module 30. These two lemmas are optimal as they show the results that we've obtained with the help of Maple, MuPAD of Pari:


a = 6
a = 12
a = 18

number of triplets
11
531
59253

Number of quadruplets
1
28
2463

row of the k - uplets
a = 6
a = 12
a = 18
a = 30

First triplet
194
40122
10553419
1003652348061

First quadruplet
271
41181
10556627
1003652378080

First quintuplet
-
-
-
1003652392516

First sexuplet
-
-
-
1003653970688

For a = 6, there is only one quadruplet namely: 

1741 = 6 · 271 + 115, 

1747 =  6 · 272 + 115, 

1753 = 6 · 273 + 115, 

1759 = 6 · 274 + 115 (solution that we will note as 271)

and 11 triplets noted:


194, 199, 218, 271, 272, 291, 339, 358, 387, 419, and 426.

For a = 12, the first triplet corresponds to n = 40122 and Pn = 481469.

For a = 18, the first triplet corresponds to n = 10553419 with Pn = 189961591 

and the first quadruplet corresponds to n = 10556627 with Pn = 190021963. 

The third triplet corresponds to n = 27066493 with Pn = 514295791 

and the last quadruplet to n = 27066493 with Pn = 514261273.

For a = 30, the first quintuplet corresponds to n  = 1003652392516, Pn = 30109571823599.

The second quintuplet corresponds to n = 1003653943255 with Pn = 30109619964181. 

The first sextuplet corresponds to n = 1003653970688 with p = 30109620819077.

We can be more precise about the conditions necessary for obtaining solutions.

Theorem: :Let k be a prime number, if there exists a k-uplet of consecutive prime numbers so that the remainders of the divisions of the prime numbers by their respective row are equal, then a is congruent to 0 mod ……….. for q prime.

Proof: In the finite body of the characteristic j , we have the following formula:

………………….

 From where

………………….

As a is inversible one can replace X by p/a one gets

………………….

:

This after simplifications gives:

………………….

or            because i runs through all the inversible mod j thus we have 

………………….

or again

………………….

or for p > j, p k-1= 1 mod j and since ……is not a multiple of j, one has a=0 mod j.  As this reasoning is valid for all j-uplet of consecutive prime numbers, with j prime less than or equal to k we deduct that ……….


In fact this theorem represents a generalization of the 2 and 3 lemmas.

Note: By using the theorem of Wilson we can obtain directly the coefficient of ak-1. Indeed an explicit calculation of the product of the consecutive prime numbers gives the following result: (k - 1)! Which corresponds to -1. 

Thanks:  We really have to thank Marc de Eleglise and Joel Rivat for allowing us to verify our results independently thanks to their program of row calculation of prime numbers.

